TWISTED SYMMETRIC GROUP ACTIONS 



< 



Akinari Hoshi Ming-chang Kang 

Department of Mathematics Department of Mathematics 



^ . Rikkyo University and National Taiwan University 



Tokyo, Japan Taipei, Taiwan 



<D • E-maih hoshi@rikkyo.ac.jp El-maih kang@math . ntu . edu . tw 

in 

(N 



Abstract. Let K be any field, K(xi, . . . , x„) be the rational function field of n 
variables over K, and S'„ and An be the symmetric group and the alternating 
group of degree n respectively. For any a ^ K \ {0}, define an action of Sn on 
. K{xi, . . . ,Xn) hj a ■ Xi = Xo-(j) for cr G A„ and a ■ Xi = a/x„{i) for a E Sn \ An- 

Theorem. For any field K and n = 3, 4, 5, the fixed field K[xi, . . . , is rational 



CN ■ (= purely transcendental) over K. 

> 

^ ■ 1. Introduction 



Let K be any field, K{xi, . . . , x„) be the rational function field of n variables 



0\ 
O 

^ I over K, and Sn and An be the symmetric group and the alternating group of degree 

n respectively. For any a E K \ {0}, define a twisted action of Sn on K{xi, . . . , x„) 
by 



(1.1) (J{xi 



'■nj 



x<^(i), if (T e Ar. 
a/x<^(i), if aeSn\An. 



Consider the fixed subfield K{xi, . . . ,Xn)^" = {a E K{xi, . . . ,Xn) '■ cr(a;) 
a for any a E Sn}- 
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If n = 2, then K{xi,X2)'^'-^ = K{xi + {a/x2), axi/x2) is rational (= purely tran- 
scendental) over K. The answer when a — 1 (equivalently when a e K^"^) is 
provided by the following theorem. 

Theorem 1.1 (Hajja and Kang [HK3, Theorem 3.5]). Let K he any field and 
a e K^"^ . Then K{xi, . . . , x„)'^" is rational over K . 

The case when a G \ K^'^ and n > 3 had been intangible for many years 
(see [HK3, p. 638], [Ha, Example 5.12, p. 147] and [Kal, Question 3.8, p. 215]); even 
the case n — 3 was unknown previously. The following Theorem 1.2 is our recent 
result of this question for the cases of n = 3, 4, 5. 

Theorem 1.2. Let K he any field, a E K \ {0}, and Sn act on K{xi, . . . ,Xn) as 
defined in Formula (1.1). If n — 3, 4, 5, then K{xi, . . . , x„)*^" is rational over K. 

The proof of Theorem 1.2 will be given in Section 2. It is interesting to note that 
we use three different methods for the three cases of n. It seems that there is no 
unified proof for the three cases. One of the reasons to explain this phenomenon 
is that the solutions to Noether's problem for the alternating group An are rather 
different when n = 3 and when n = 5 (see Theorem 2.2 and Theorem 2.5). Since 
Noether's problem for An is still an open problem when n > 6 (see [Mae] and [HK2, 
Section 4] for this problem), it is not so surprising that our question is solvable at 
present only for n < 5. It is still unknown whether the fixed field K{xi, . . . , x„)'^" 
of our question is rational or not when n > 6. 

In Section 3 we propose another approach to this question. It will be shown 
that i^r(xi, . . . , x„)'^" is isomorphic to the function field of a conic bundle over 
pn-i q£ ^YiQ form — ay'^ = h{vi, . . . ,Vn-i) with affine coordinates Vi, . . . ,Vn~i 
(see Theorem 3.4). Although this approach is valid only when char K ^ 2, it 
does provide a new technique in studying rationality problems. The structure of a 
conic bundle together with its rationality problem is a central subject in algebraic 
geometry [Is]. Fortunately, when n = 3 and n = 4, the conic bundle in our question 
contains singularities and the rationality problem can be solved by suitable blowing- 
up process. In particular, we find another proof of Theorem 1.2 when char K ^ 2 
and n = 3, 4. For other rationality problems of conic bundles, see [Ka3, Section 4]. 
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Since the fixed field K{xi, . . . ,Xn)^" is the quotient field of the ring of in- 
variants K[xi, . . . jXn]^", it seems plausible to study the rationality problem of 
K{xi, . . . , Xn)^" through the structure of K[xi, . . . , Xn]^"-- This strategy is carried 
out in Section 4 and we give another proof of Theorem 1.2 when char K — 2 and 
n = 3,4. 

2. Proof of Theorem 1.2 

First of all we recall two results to be used in the sequel. 

Theorem 2.1 (Kang [Ka2, Theorem 2.4]). Let K be any field and K{x,y) be the 
rational function field of two variables over K. Let a be a K -automorphism on 
K{x, y) defined by 

a b 
(7 : X I— > — , y I— > - 

X y 

where a E K \ {0} and b = c{x + (a/xj) + d such that c,d E K and at least one of 

c,d is non-zero. Then K{x,yY"'^ = K{s,t) where 

„ _ X- ja/x) ^ _ y- jb/y) 
xy — {ab/xy)' xy — {ab/xy) 

The following result is essentially due to Masuda [Mas, p. 62] when char K ^ 

(with a misprint in the original expression). We thank Y. Rikuna who pointed out 

that when char K — ?>, the same formula is still valid, if we compare this formula 

with the proof in [Ku]. For the convenience of the reader, we provide a new proof 

of it. 

Theorem 2.2 (Masuda [Mas, Theorem 3]). Let K be any field, K{xi,X2,xz) be 
the rational function field of three variables over K . Let a be a K -automorphism 
on i<'(xi, X2, Xa) defined by 

a : xi I — > X2 I — > X3 I — > xi. 

Then K(xi, X2, x^)^'^'^ = K(si,u,v) = K(s3,u,v) where Si is the elementary sym- 
metric function of degree i for 1 < i < 3, and u and v are defined by 

X1X2 + X2X\ + Xzx\ — 3X1X2X3 
xf + X2 + x| — X1X2 — X2X3 — X3X1 ' 
x\x2 + X2.T3 + XoXi — 3,Ti,X2X3 

V '.= ^ . 

xf + X2 + x| — X1X2 — X2X3 — X3X1 



4 



TWISTED SYMMETRIC GROUP ACTIONS 



Moreover, we have the following identities 

52 — si{u + v) — 3{u^ — uv + v"^), 

53 = SiUV — {u'^ + v^), 

xixl + X2xl + x^xl — s^u — SsiU^ + 3{2u — v){u'^ — uv + v"^), 
x\x2 + x\x^ + x\xi = sfv — 3siV^ — 3{u — 2v){u^ — uv + v'^). 

Proof. With the aid of computer packages, e.g. Mathematica or Maple, it is easy 
to verify the formulae of terms of 

Si, u, V as given in the statement of the above theorem. We have [K{xi,X2,X3) : 
K{si,S2,ss)] = 6 and X2, ^3)^'^^ : K{si, 82,83)] = 2. Since X1X2 + X2xl + 

X^xf ^ K{8i, 82, 83), it follows that K{xi,X2,X3Y'^'^ — K{8i, 82, 83,XiX2 + X2xl + 

x^xl) C K{8i, u, v). Hence K{xi, X2, ^3)^'^^ = K{8i, u, v) — K{83, u,v). □ 



Proof of Theorem 1.2 when n = 3 

Let a =(1,2,3), r= (1,2) e 53- 

By Theorem 2.2, we find that K(xi, X2, x^)^'^'^ = K{s3,u,v). 
Now t{xi) = a/x2, t{x2) = a/x^, t{x3) = a/x^. Note that 

r(si) = as2/s3, t{82) = a^si/ss, t(s3) = a^/ss, 

t{XixI + X2x\ + X3x\) — a?{Xix\ + X2x\ + X3x\)/ 8\, 
t{x\x2 + x\x3 + x\x\) — a^{x\x2 + x\x3 + x\x])/ 8\. 

With the aid of Theorem 2.2, it is not difficult to find that 

a? au av 



(2.1) r : S3 I — ^ — , Ml — > —2 — ^, ■ 2 ^ 2- 

S3 u^ — uv -\- v^ u^ — uv + v^ 

Define w :— u/v. Then i^(s3, u, v) — K{83, v, w) and 

a 

T : S3 I > —, V I > — ■ r^, W I > W. 

83 v[l — W + W^j 

By Theorem 2.1, i^(s3, w)^"^^ is rational over K{w). Hence K{xi,X2,X3)^^ — 
K[83,v,w)^'^'' is rational over K. □ 



Proof of Theorem 1.2 when n — A 
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Define 

a :— (123) : X\ i — > ' — > x-i, i — > Xi, 

r := (12) : X\ \ — > a/x2i X2 i — > a/xi, x^ i — > a/x^, x^^ i — > a/a;4, 
pi := (12) (34) : x\ i — > x^-, x^ ' — x\^ xj, i — > x^, x^ i — > X3, 
P2 := (13)(24) : Xi \ — > X3, X3 \ — > Xi, X2 ^ — > X4, X4 ^ — > X2. 

Note that the following is a normal series: 

{1} < V4^{pi,p2) < A4^{a,pi,p2) < 84^ {a,T,pi,p2). 

First we will show that K{xi, . . . , X4)^^ is rational over K. 
Define 

si := Xi + a;2 + + 0:4, 84:= XxX2XzX4, 

_ Xi + a;2 - - X4 _xx- X2- X3 + X4 _ Xi - X2 + x^ - X4 

b :— , 1 :— , u :— . 

X1X2 — X3X4 X1X4 — X2X3 X1X3 — X2X4 

Then we have K{si, S4, S, T, U) C K{xi, ^2, X3, ^4)^'' and 
(2.2) a : si I — ^ Si, S4 1 — ^ S4, 5 1 — >T, T 1 — ^ t/, 1 — > S. 

Lemma 2.3. K{xi,X2,xz,X4Y^ = K{si,S,T,U) = K{s4,S,T,U). 
Proof. Define 

lii := 5 + T + [/, 1^2 := ST + TU + SU, m := ^Tt/. 

Then it can be checked that K{xi,X2, X3, X4) = K{si, S, T, U){x4) directly from the 
following equalities: 

_ 4 - siT + (-2ui + siT{S + U))x4 + SU{1 - s^T)xl + u^xl 





S-T + U- SUx4 






4-SiC/+( 


-2ui + SiU{T + S))x4 + TS{l 


- SiU)xl 






T-U + S- TSx4 






4-Si5+( 


-2ui + SiS{U + T))x4 + UT(1 


- siS)x'l 


+ ^32^4 


U -S + T- UTx4 



We see that [K{si, S, T, U){x4) : K{si, S, T, U)] < 4 by the equality 

— AU2 + S1M3 + (8 — SiUi)U3X4 — (2Mi — SiU2)U3X^ — SiU^X4 + U^X^ = 0. 



6 



TWISTED SYMMETRIC GROUP ACTIONS 



Hence we get K{xi,X2, x^, x^)^* = K{si, S, T, U). It also follows from the equality 
S4 ^ (^^2 _ 4^^2 + u^si)/ul that K{s^, S, T, U) = K{s4, S, T, U). □ 

Now we have 

K{x^,X2,X^,X4f' = {K{xi,X2,X3,X4)'''f'/''*^K{s4,S,T, UY'^'^I 

The action of (cr, r) on K{s4, S, T, U) is given by 

(7 : S4 I — > Si, S\ — >T, T\ — >U, U \ — > S, 

^ + T + ^ S + T-U S-T + U 

Define 

^i^, if char 7^ 2, 
-, if char K^2. 



S4 + a'^' 

Then we get ^(54, S, T, U) = K{N, S, T, U), a{N) = N and 



r(iV) 



-iV, if char K ^ 2, 
N + 1, if char X = 2. 



Applying [HK2, Theorem 1], we find that K{xi, X2, X3, Xif^ = K{N, S, T, U)^"'^^ is 
rational over K, provided that K{S, T, UY"'''^^ is rational over K. Explicitly, define 
Pby 



^ . (, ^ r + ^ ^!±l!±i^!z|i|I±I^) . , ehar ^ 2. 

^ S + T + U " 

N + - — - — — — , if char K = 2 

S + T + U + aSTU' 

then K{N,S,T,U) = K{P,S,T,U) and K{xi,X2,X3,X4)'^^ = K{P, S,T,U)<'''^^ 
K{S,T, UY^'^^iP) where a{P) = t{P) = P. 

Thus it remains to prove the following theorem. 



Theorem 2.4. Let K be any field and K{S,T,U) be the rational function field of 
three variables S, T, U over K. Let a and r be K -automorphisms of K{S, T, U) 
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defined by 

a : — >T, Ti — > U, t/ i — > S, 

-S + T + U ^ S + T-U S-T + U 

T : b I — > , 1 I — > , U I — > 

aTU ' aST ' aSU 

where a E K \ {0}. Then {a, r) = S3 and K{S, T, t/)^'^''^^ is rational over K . 
Proof. By Theorem 2.2, we may choose a transcendence basis of T, U)'^"'' over 

K{S,T,U)^^^ =K{f,g,h) 



where 



/ = S + T + U, 

S^T + T^U + U^S - 3STU 
S^ + T^ + U^ - ST -TU -US' 

Thus we have K{S, T, C/)<^'^> = (K(S, T, C/)<'^))<^) = K(f, g, The action of r 

on K{f,g,h) is given by 

p-Af(g + h) + 12X 
T : } \ — > 



9 ' 
h 



aY 

-fhjf - Ah) + 2/(/ -2g- 8h)X + 2AX^ - 8gY 

a{P-2fig + h)+AX)Y 
-fifg + 4h') + 6/(/ - 2g)X + 24X' - 4(/ + 2h)Y 



a{P-2f{g + h)+AX)Y 
where X = g'^ — gh + h"^ and Y = g'^ — fgh + h^. 

Case 1. char K ^ 2. 

Define 

F:^g + h, G:^g-h, H:^f-{g + h). 
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Then K{S, T, = K{f, g, h) = K{F, G, H) and r acts on K{F, G, H) by 

4(27^^ - TFG'^H + hG'^H^ - FH^) 



F I — > 
G I — > 
H I — > 



a{4:FG^ - Fm + Gm){3G^ + m) ' 

a(4FG2 - F'^H + Gm){3G^ + H^) ' 
4H{FG^ + 7G^H - FH^ + H^) 



a{AFG^ - F^H + Gm){3G'^ + H"^) ' 
Note that T(G'/ii") = G/H. Define 

A := F/G, B:^G, G := G///. 

Then K(S, T, C/)<^) = K(F, G, H) = B, G) and r acts on K{A, B, G) by 

^ -A + 5C' - 7-4C'2 + 276*3 
^ 1 - >1C + 7C2 + AC3 ' 

aS(l->12 + 4^C')(l + 3C2)' 

Define 

D := 1 -^C + 7C^ + ^C^ := 2C(C^ - 
Then 5, G) = K{G, D, E) and the action of r on K{G, D, E) is given by 

(1 + 3C2)3 



I — > 



D 

:i + 3C2)3 



E ^ -a(l + SC^) (l> + ^ ^ - 2(1 + SC^ + 2C^)) /e. 

Hence the assertion follows from Theorem 2.1. 



Case 2. char K — 2. 



The action of r on ^f, h) is given by 



, fh , fg 

T : t I — > , q I — > , n i — > 

aY' ^ aY' aY 

where Y = g^ + fgh + h^. Define 

A:^f/{g + h), B:^g/h, G:^l/h. 
Then K{f, g, h) = K{A, B, G) and r acts on K{A, B, G) by 

A^A, B^^, G^j(^B + ^ + A + iyG. 
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Hence the assertion follows from Theorem 2.1. 

We will give another proof when n — A and char = 2 in Section 4. □ 



Proof of Theorem 1.2 when n = 5 

We recall Maeda's Theorem for action [Mae] . 

Theorem 2.5 (Maeda [Mae]). Let K he any field, K[xi,...,x^) he the rational 
function field of five variables over K. Then K{xi, . . . ,x^)^^ is rational over K. 
Moreover a transcendental basis Fi, . . . , F5 of K{xi, . . . , x^)^^ over K may be given 
explicitly as follows: 
(i) When char K ^2; 

_ E..53^([12][13][14][15][23]n45]^x0 
' E.e53^([12][13][14][15][23]4[45]4) ' 

E.e5.^([12]^[13]^[14]^[15]^[23]^°[45]^°) 
' n.<, [U? ■ E.e53 < [12] [13] [14] [15] [23]4[45]4) ' 

E.,g^a([12]3[13]^[14]3[15]^[23]^°[45]^%) 
' n.K. V3? ■ E.esr, ^( [12] [13] [14] [15] [23]^[45]4) ' 
E;.eii./^([12]^[13]^[23]^[45]^) 
Ui<j[ij] 

E,ei../'([12]^[13]^[23]^[l.l]n2.1]n3.1]ni5]n25]n35]^) 

where [ij] = Xi - xj and Ri = {1, (34), (354), (234), (2354), (24)(35), (1234), 
(12354), (124)(35), (13524)}. 
(ii) When char K = 2; 

^^^Ek,<^W^^ Eli([12][13][14][15]-7^)(^-) ^ 

^ Eli([12][13][ll][15]-/^-.rO(^') 

^ E.eii3^([12]^[34]^[13][24][15][25][35][45]) 

F4 = ^ — — j^^j , F5 = the same Fg as m (1) 

\[i<jVj\ 

where [ij] = Xi - Xj, I = ^(^sa^a (3^23:3 + + xj)), R2 = {1. (34), (354), 

(234), (2354), (24)(35)} and R^^ = {1, (234), (243), (152), (15234), (15243), (125), 
(12345), (12435), (15432), (154), (15423), (15342), (15324), (153)}. 



10 



TWISTED SYMMETRIC GROUP ACTIONS 



In the above theorem, note that Ri, R2 and R3 are coset representatives with 
respect to various subgroups: 

^5 = U H,i^, [j H2T, As = U Hsu 

ij.eRi TeR2 v&Rs 

where = ((12), (13), (45)) ^ D^, H ^ ((23), (24), (25)) ^ S^, = ((23), (45)) 
^ 1^4, Hs = ((12) (34), (13) (24)) ^ T^, and Dq is the dihedral group of order 12. 

Now we start to prove Theorem 1.2 when n = 5. 
Let r = (12) e ^5. 

By Theorem 2.5, we see that K{xi, . . . , x^)^^ = K{Fi, . . . , F5). 
With the aid of computer packages, e.g. Mathematica or Maple, we can evaluate 
the action of r on ir(Fi, . . . , F5) as follows: 

T? ^ TP ^3 TP 

F4 I — > -F4, F5 I — > -F5, when char K ^2- 

TP ^ TP TP °-^2 

1 Fi' ^ Fi' ^ Fi ' 

F4 I — > F4 + 1, F5 I — ^ F5, when char X = 2. 

Case 1. char K ^ 2. 
Define 

F4 + I / FgX F3 

Gi := Fi, G2 := ^ _ -j^ , := -^4(^-^2 — —J, G4 := -^2 + := -^4-^5- 

Then we have K{xi, x^)^^ = K{Fi, . . . , F5) = X(G'i, . . . , Gg) and 
T : Gi I — > G2 I — > G3 I — > G3, G4 I — > G4, G5 I — > G5. 

CtI Gr2 

Hence it follows from Theorem 2.1 that K{xi, x^f^ = K{Gs, G4, G5)(Gi, G2)<^> 
is rational over K. 

Case 2. char K = 2. 
Define 



F^Fs Fj 
Gi := Fi, G2 := F2, G3 := G4 := F4 + G5 := F5. 

-Ti -ri-r2 + 
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Then we have K{xi, Xs)^^ = x{Fi, . . . , F5) = K{Gi, . . . , G5) and 

Q Cj 

T : Gi I — > — , G2 I — > G3 I — > G3, G4 I — > G4, G5 I — > G5. 

(jri (jr2 

We use Theorem 2.1 and find that K{xi, Xs)^^ = ^(G'a, G^, G5){Gi, G'a)^^^ is 
rational over K. □ 



3. Conic bundles : another approach when char K ^2 
Throughout this section we assume that char K ^ 2. 

In this section, we will give another proof of Theorem 1.2 when n = 3,4 (and 
char K ^ 2) hy presenting K{xi, . . . , Xn)"^" as the function field of a conic bundle 
over P"-^ 

Consider the action of Sn on K{xi, . . . defined by Formula (1.1). Because 
of Theorem 1.1, we may assume that a e \ K^"^ without loss of generality. 

Define a := ^/a and Gal(ii'(a)/i^) = (p) where p{a) = —a. Extend the actions 
of Sn and p to K{a){xi, . . . , Xn) = K{a) ®k K{xi, . . . , by requiring that Sn 
acts trivially on K{a) and r acts trivially on K{xi, . . . , a;„). 

Define Zi :— {a — Xi)/{a + Xi) for 1 < i < n. We find that K{a){xi, . . . , = 
K{a){zi,...,Zn) and 

(7 : Zi I — )• —z^ii-) 

for any cr e \ ^4^, and 

p : a I — > -a, 2;, 1 — > l/^;^. 

Define Zq := Zi -\- ■ ■ ■ -\- Zn, Vi := -^iZ-^o for 1 < i < n. Hence ?/i + ••• + ?/„ = 1. 

Let ti, . . . , tn be the elementary symmetric functions of yi, . . . , In particular, 
ti = 1. Define A := ni<i<j<n(^i ~ Vj) ^ ^(^i' and m := 2:0 • A. Note that 

A^ can be written as a polynomial in ti, ... ,tn, and thus in ^2, ■ ■ ■ , tn- 

Lemma 3.1. K{xi, . . . ,Xn)^"- = K{a){t2, . . . jtnju)^^"^ and 

p : a I > -a, U \ > tn-iitn/tn-lY , U I > f{t2, . . . ,tn) ■ 
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where f{t2, ■ ■ ■ ,tn) € K{t2, ■ ■ ■ ,tn) is given by 

(3.1) /(i2,...,in) := (-l)"("-^)/^t;("-^'(^nAn-l)("+^)("-')/'A2 

and we adopt the convention that to — ti — 1. 

Proof. Note that K{a){yi, . . . ,yn, Zq) — K{a){yi, . . . ,yn,u). Since u is fixed by 
the action of Sn, it follows that K{a){yi, ■ ■ ■ ,yn, zq)^" = K{a){yi, . . . , yn)^"{u) = 
K{a)(t2, . . . ,tn,u) (the last equality follows, for example, from the proof of [HK2, 
Lemma 1] because a{yi) = y„(^ij for any a G Sn, any 1 < i < n ). 

Thus X(xi,...,x„)^" = {K{a)^P>{xi,...,Xn)y- = K{a){xi,...,Xn)^^-''^ = 
{K{a){x,, . . .,Xr,fr.Yp) ^ K{a)it2, . . . , ^n, ii)<''>. 

It is not difficult to verify the action of p on K{a){t2, . . . ,tn,u) is given as the 
form in the statement of this lemma. □ 

We write 

n = 2m + 1, if n is odd, 

n — 2m, if n is even. 
Define 

(3.2) Ui := ti+i, Un-i := p{ti+i) = t'Jt'^-i: (i = 1, . . . , m - 1) 



and 



(3.3) 



Um tm+1, Um+1 := p(Wi) = C/C-iS ^ odd, 

tn/tn-l, if ^ IS CVCU. 



Then we obtain 

Lemma 3.2. K(xi, . . . , x^)"^" = i^(Q;)(Mi, . . . , Mn-i, m)^''^ a«o? 

p : a I — )• -a, Ui i — )• (i = 1, . . . , n - 1), 

I — ^ g{ui, . . .,Un-l) ■ 

where g{ui, . . . , Wn-i) = f{t2, ■ ■ ■ ,tn) O'lT'd f{t2, ■ ■ ■ ,tn) 'is given as in (3.1) 
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Proof. The assertion follows from K{a){t2, . . . ,tn,u) = K{a){ui, . . . , m„_i, u) and 
Lemma 3.1. Indeed we may show K{t2, . . . , i„) C K{ui, . . . , Un-i) as follows. 
Case 1. n — 2m + 1 is odd. 

The fact that ^2, ■ ■ ■ , tm+i £ K{ui, . . . , Un-i) follows from Formulae (3.2) and 
(3.3). 

tn e K{ui, . . . , Un-i) because 

7;™+l\ / 1 \ m+l \ fi^\m/ , n m+1 



tn-1 e i^(Mi, . . • , Mn-i) because 



n— 1 • 



Prom Formula (3.2) we find that = i^n-i ^^n\l^\ for 1 < i < m — 2. Thus 

Case 2. n = 2m is even. 

t2-i ■ ■ ■ -itm £ -f^(iii, ■ ■ ■ , iin-i) follows from Formula (3.2). 
From Formulae (3.2) and (3.3), we get 

IJ'k+2 tk+l tn-1 tk+l 

where k — m, . . . , 2m — 3. We find that i^+i = tk Um Uk+2/uk+i G K{ui, . . . , Un-i) 
hr m < k < 2m — 3. 

From Formula (3.2), we have Un-i = tn-2^n/^n-i — tn-2Um/tn-i- Hence tn-i — 

tn-2Um/Un-\ G K{ui, . . .,Un-l). 

Since tn — tn-i, it follows that tn £ K{ui, . . . , Un-i)- 

□ 



We will change the variables mi, . . . , Un-i hy vi, . . . , Vn-i defined as follows. 
When n = 2m + 1 is odd, define 

Ui + Un-i aiUi-Un-i) 



2 

where i = 1, . . . ,m. 

When n — 2m is even, define 



__Ui + Un-i a{Ui - Un-i) 
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where i = 1, . . . , m — 1. 

Thus K{a){ui, . . .,Un-i,u) = K{a){vi, . . .,Vn-i,u). 
By Lemma 3.2, we get 

Lemma 3.3. K{xi, . . . ,Xn)^" = K{a){vi, . . . ,Vn-i,u)^'^^ and 

p -.a I — > —a, Vi I — > Vi, {i — 1, . . . ,n — 1), u i — > h{vi, . . . ,Vn-i) ■ 
where h{vi, . . . ,Vn-i) — f{t2, ■ ■ ■ ,^n) O'lT'd f{t2, ■ ■ ■ ,tn) is given as in (3.1). 

Hence we get the following theorem which asserts that K{xi, . . . ,Xn)^" is the 
function field of a conic bundle over P"^i of the form — ay^ = h{vi, . . . ,Vn-i) 
with affine coordinates Vi, . . . (see, for example, [Sh, p. 73] for conic bundles 

over P^). 

Theorem 3.4. K{xi, . . . , = K{x, y,Vi, . . . , Vn-i) and the generators x, y, 

Vi, . . . , Vn-i satisfy the relation x^ — ay^ — h{vi, . . . , Vn-i) where h{vi, . . . , Vn-i) — 
f{t2, . . . ,tn) and f{t2, . . . ,tn) is given as in (3.1) . 

Proof. Define 

1/ h{vi,...,Vn-l)\ 1 / h{vi,...,Vn-l)\ 

x:—-[u-^ ^ -], y := — [u -]. 

Then we obtain K{x, y,vi, . . . , Vn-i) C K{xi, . . . , Xn)^" — K{a){vi, . . . , Vn-i, u). 
Thus K{x, y,vi,..., Vn-i) = K{xi, x„)'^" follows from K{x, y,Vi,..., v„){u) = 
K{a){vi, . . .,Vn-i,u) and [K{x,y,Vi, . . . , v„)(m) : K{x,y,Vi, . . . , v^)] = 2. We also 
have x^ — ay"^ = h{vi, . . . , Vn-i) by the definition. □ 

Proof of Theorem 1.2 when n — 3 and char K ^ 2 

Step 1. By Lemma 3.1 we find that K{xi, X2, x^)^^ = K{a){t2,t3,u)^''^ where 
p : a I — > —a, t2 i — > t2^H-i H ' — ^J^^s? ' — — ^2^^^■'^~^■ 
Note that = ]\i<i<j<-i{yi-yjf = t2-4ti-4t3 + 18t2t3-27t| because ti = 1. 
Define ui := t2, U2 ■= p{t2) = ^2^^3- Then K{a){t2,t3,u) = K{a){ui,U2,u) and 

p : ui I — > U2 I — Ml, u I — )• g{ui.,U2) ■ u'^ 
where g{ui, U2) = — 1 + 4mi + A.U2 — 18^1x^2 + 21u\u2. 
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Define fi := (-Ui + ■U2)/2, f 2 := — M2)/2. Then p : Vi i — > Vi, V2 1 — > V2 
and g{ui,U2) = h{vi,V2) where 

h{vi, V2) = -1 + 8^;i - ISvl + 27v{ + {l^la)vl - (54/0)^1^1;^ + {21/a^)vi 

Hence K{xi^X2-,x^Y^ — K{a){vi,V2,u)''^^ — K{x,y, Vi,V2) where 

Note that x and y satisfy the relation 

(3.4) x'^ — ay^ = h{vi, V2) 

= (1 + vi){-l + 3^;i)' - {l%/a)vl{-l + 3v?) + 

Step 2. Suppose that char K — Then the relation (3.4) becomes x"^ — ay'^ — 
— 1 — vi. Hence K{xi,X2, x^)^^ — K{x, y, vi, V2) — K{x, y, V2) is rational over K. 

Step 3. Prom now on, we assume that char K 2,3. 
We normalize the generators vi, V2 by defining 

Ti := 3vi, T2 3v2/a. 

We get K{xi,X2,X3)^''^ = K{x,y,Ti,T2) with a relation 

(3.5) 3x^ - 3ay^ = -3 + 871 - 6T^ + + 6aT^ - 2aT^T^ + a^T^. 

Step 4. Find the singularities of (3.5). We get a; = y = -1 + Ti = T2 = 0. Define 
T3 := — 1 + Ti. The relation (3.5) becomes 

(3.6) 3x^ - 3ay^ = 4ar| + a^T^ - AaT^T^ - 2aT|r| + 4r| + T^. 

Step 5. Blow-up the equation (3.6), i.e. define X2 := ic/Ts, Y2 := I//T3, T4 :— 
Ta/Ts. Then K{x,y,Ti,T2) = K{x,y,T2,Ts) = K{X2,Y2,T^,Ti) and the relation 

(3.6) becomes 

(3.7) 3X| - 3aF2^ = 4T3 + + 4aT| - 4aT3T| - 2aTiTl + a2r|r4^ 

= (Ta - aTaTt )2 + 4(r3 - aT^Tl) + 4aT| 
= (T3 - aT3T|)(4 + T3 - aT3T|) + AaTl 
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Define 

X - Y - ^2 

^ A + n-aTsTj n 

Ts-aTsTi ' Ts-aTsTf 

Note that X(X2, ^2, 7^3, = K{Xs, Y^, Si, S2). For Si e K{X^, Fg, ,^2) and 
Si is a fractional linear transformation of the "variable" Tg — aT^T^. Hence — 
aT^Tl e X(X3,y3, -51,^2). Thus 74 = ^2 • (T3 - aT3T|) e ir(X3, ^3, -^i, >52) also. 
Now is a fractional linear transformation of T3 with coefficients in KiT^). Hence 
T3 e ir(X3, F3, 5i, 52). It follows that X2, F2 e i^(^3, ^1, ^2) also. 

The relation (3.7) becomes 

which is linear in 5"!. Hence K{xi, X2, 2^3)'^^ = K{X2„ I3, -^i, S2) — K{X2„ Y^, S2) is 
rational over K. 

Step 6. Here is another proof. Instead of the method in Step 5, we may proceed 
as follows: 

Define x/If, ^ T2/T3, I/T3. Then K{x,y,T2,Ts) 

— ir(X4, 14, 74, T5) and the relation (3.6) becomes 

(3.8) 3X1 - 3aY^ = 1 - 2aT^ + a^T^ + A% - AaT^T^ + AaT^T^ 

The singularities of (3.8) are X4 = I4 = T4 ± (1/y^) = T5 = 0. Blow-up with 
respect to 1 — aT|, i.e. define 

X,:^X,/{l-aTl), Y, := YJ {1 - aT^) , n := T,/{1 - aT^). 

Then ^(^4, ^4, T4, Tg) = ^(Xg, Fg, r4, Tg) and the relation (3.8) becomes 

(3.9) 3X| - 3alf = 1 + + 4:aT^T^. 

Thus wc get K{xi,X2,X3)^'-^ = /^(Xs, Y5, T4T6, Tg) = K{X^,YQ,TiTQ) is rational 
over K because (3.9) becomes linear in Tq. □ 



Proof of Theorem 1.2 when n — A and char K ^2 
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Step 1. By Lemma 3.1 we find that K{xi, X2, xs, x^)^"^ = K{a){t2,t3,t4,uY'^^ 
where 

p : a I > —a, t2 l > ^2^3^^4, ^3 ' ^ ^3^^4) ^4 ' ^3 ^^4) 

where 

l<i<j<4 

= ^2^3 - Atltl - Atl + 18^24 - 27^3 - Atlu + IQtju + l^t2hti - m%ti 
- &tlu + 144^2^3^4 - 27^^ + 144^2^4 - l2Stltl - 192^3^^ + 256^^ 

Define ui := t2, U2 := U/U, us := p(i2) = t2tA/t\. Then ir(Q;)(t2, ^4, ii) = 
K{a){ui,U2iUziU) and 

p : q; I — > —a, i — > U3 1 — > Ui, U2 1 — > U2, 

U I > g{ui,U2,U3) ■ 

where 

gi^lil, 1*2, 1*3) = ( — 27li]^li2 — 4:UiU2Us + ISU1U2U3 — 6U1U2US + lAAUiU2Us 

U1U3 V 

— I92M1M2M3 + 256M1M2M3 + M1M3 — 4:UlU^ + I8M1M2M3 

- 80ulu2ul - 27ulul + lAAuiujul - 128ululul - Auful + 161^1X^3^ . 

Define Vi := (mi + U3)/2, V2 ■= U2, fs = a{ui — u^)/2. Then we obtain 
K{a){ui,U2-,u^-,u) = K{a){vi,V2,V3,u) and 

p : a I — > -a, Vi 1 — > Vi, V2 1 — > V2, V3 1 — > Vs, 

U I > h{vi,V2,V3) ■ M"^ 
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where h{vi,V2,V3) = g{ui,U2,U3) G K{vi,V2,V2) is given as 

h(vi, V2, V3) = ^ 2 [avlv2(-l + Avi - 9>V2Y{vl - AV2 + ^ViV2 + ^vf) 

- 2v2vl{vl - 9>vl + 24^1 - 2v2 + 18^1^2 - 80^1^2 
+ 2Avl + lAAvivl - I2%vlvl - 96v^ + l2Sv^) 

- {l/a)v2vl{-l + 8vi - ASvl + 80^2 + l2Svl) - (16/02)^2^^). 

Step 2. Because h{vi,V2, V3) is still complicated, we define p, q, r as follows, 

+ — )w2, q-^^(- -)u2, r:=4w2. 

2 \Ui U3/ 2 \Ui U3/ 

Then K{a){vi,V2,V3,u) = K{a){p,q,r,u). Indeed we have 



aviV2 av2V3 

P = — 2 ' 5 = 2 2' ^ = 4t;2, 

avj — f 3 av^ — ^3 

apr r apr 

^1 = 77 — 5 5V> = 7, ^^3 



4(ap2_g2)' - 4' - 4(ap2-g2)- 
Hence we obtain K{xi, X2, X3, x^)^"^ = K{a){p,q,r,uY'^^ and 

p : a I — > —a, p 1 — > p, q 1 — > q, r 1 — > r, 

H{p,q,r) 
64(ap^ — q^Y u 

where 

(3.10) H{j), q, r) = a^(p - r + 2prf{-lQp^ + r + 4pr + 4p^r) 

- a(-32p2 + r + 36pr - 12pV - 20r^ + 72pr^ 

- 96pV2 - 8r^ + 32pV)g2 + 16(-1 + r)^g^ 

Define U := u-r/{8{ap'^ — q^)). Then we get K{a){p,q,r,u) = K{a){p,q,r,U) 
and p acts on K{a){p, q, r, U) by 

p : a I — > —a, p 1 — > p, q 1 — > q, r 1 — > r, U 1 — > H(p,q,r)/U. 

Hence K{xi, . . . , ^4)'^'' = K(a){p, q, r, t/)^''^ = 9) where 

2V U J' 2a \ U )' 

Note that X and y satisfy the relation 

(3.11) -aY^ = H{p,q,r). 
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Step 3. Because H{p, q, r) in (3.10) is biquadratic equation with respect to q and 
its constant term has the square factor (p — r + 2pr)^, we define 

P2 := p - r + 2pr. 

Then p = (p2 + r)/(l + 2r). We also define X2 := X{1 + 2r), Y2 := Y{1 + 2r). 
Then ^2, X3, ^4)'^'' = K{X2,Y2,p2,q,r) and the relation (3.11) becomes 

- aVi = a^pl{-16pl + r - 28p2r + 4p^r - 8r^ + IGpar^ + I6r^) 

(3.12) - a(-32p^ + r - 28p2r - 12p^r - 12r^ + 120p2r^ 

- 96plr^ + 48r^ - 48^2^^ + 32p^r^ - 64r^ + 64p2r^)g^ 
+ 16(-l + r)^(l + 2r)V- 

Note that the right hand side of (3.12) is biquadratic in q with constant term 
a^pK—lGpl + r — 28p2'^ + 4^2'' — 8r^ + 16p2r'^ + 16r^). 

Hence we define ps := -'^a -^^2/?, ^3 ^2/?- Then the relation (3.12) 
becomes quadratic in as follows: 

Xl - aVi = ar(-l + 4r)^(-l + apj + 4r) 

(3.13) + 4ap3r(7 - 7apl - 30r + 4ap3r + 12r^ - 16r^)q 

+ 4(-l + apl - 4r - 4r^)(4 - 4ap3 - 12r + aplr + 12r^ - 4r^)g^. 

Define q2 := 1/q, r2 := 4r, := 4X3/5, ^4 := 4y3/g. Then (3.13) becomes 
X2 - aYl = 4ar2(-l + r2)^(-l + apl + r2)ql 

(3.14) + 4ap3r2(28 - 28ap^ - 30r2 + 4ap^r2 + 3r^ - rl)q2 

(-4 + 4ap3 - 4r2 - r2)(64 - 64ap3 - 48r2 + 4ap3r2 + 12r2 - rl). 

Because the relation (3.14) is quadratic with respect to gf2, we may eliminate a 
linear term of q2 in the usual manner by putting 

_ p3(28 - 28ap| - 30r2 + 4ap|r2 + 3r^ - r|) 

?3 '■— 2^2 H 7 — — w} — r~ ~, ^ ■ 

(-1 + r2)^(-l + apl + r2) 

Define 

:= Xi{-1 + r2)(-l + apl + r2), 
n :=l4(-l + r2)(-l + ap2 + r2). 
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Then the relation (3.14) becomes 

(3.15) Xj - aYi = (2 + T2)\-1 + apl + r2)(4 - 4ap^ - br^ + rlf 

+ ar2(-l + r2)^(-l + apl + r2)^g3'. 

Define 

^ g3(-l + r2)^(-l + apj + r2) 
(2 + r2)(4-4api-5r2 + ri) 

and 

X ^5 Y ■= — 

^' (2 + r2)(4-4ap2 - 5r2 + r2)' ^' (2 + r2)(4 - 4api - 5r2 + rf) ' 

Then we get K{xi, . . . , x^)^'*' = K{Xq, Yq,P2, q^, r2) and (3.15) becomes 

(3.16) - aYl = (-1 + apl + r^) ((4 - 4ap^ - 5r2 + r^) + ar2?|) . 

Step 4. We find the singularities of (3.16). We get pz ± (l/\/a) = r2 = = 
le = 0. Blow-up with respect to —1 + apl^ i.e. define 

r3:=r2/(-l + ap2), := X6/(-l + ap^), V(-l + ap^). 

Then K{p3, q^, r2, Xq, Yq) — K{ps, q^, r^, X^, I7) and the relation (3.16) becomes 

(3.17) X^ - aY,^ = (1 + r3)(-4 - 5r3 + aqlr^ - rl + aplrl). 
Define pi :— psr^. Then the relation (3.17) becomes 

(3. 18) X^ _ aF/ = (1 + r3) (-4 - 5r3 + aqlr^ - rl + apl) . 

Step 5. The equation (3.18) still has a singular locus p^ ± q4 — rs + 1 — X^ — 
Y'j — 0. Define ps := p^ + ^4, r4 := + 1. Then the relation (3.18) becomes 

(3.19) X"^ — aY^ — ri{apl — 2ap5g4 — 3r4 + 0^4 r4 — rl) 

with singular locus S = {p^ = r^ = X-j = Y-j = Q). Blow-up (3.19) along S, i.e. 
define rg := r4/p5, X^ := X-j/p^, Yg := Y-j/p^. Then the relation (3.19) becomes 

Xl - aY^ = n{ap^ - 2aqi - 3r5 aqlr^, - p^rl). 

Note that the relation above is linear in p^. Hence we conclude that the fixed field 
K{xi, . . . , x^)^'^ — K{Xs, Ys, q4, r^) is rational over K. □ 
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4. Using the structures of rings of invariants 

In this section, we give an another proof of Theorem 1.2 in the case of n = 3, 4 
and char K — 2 hy using the structure of K{xi, • • • , x^)"^". 
Throughout this section, we assume that char K = 2. 

Let Si be the elementary symmetric function in Xi, . . . ,Xn of degree i, 1 < i < n. 

Since the invariant ring K[xi, . . . free module of rank 2 over the subring 

K[xi, . . . , = K[si, . . . iSn] by Revoy's Theorem [Re] (see also [NS, Example 
1, page 75]), we will find a free basis of K[xi, . . . , x^]"^" over K[xi, . . . , Xn]^"- For 
n — 3 (resp. n — A), it suffices to find a polynomial of degree 3 (resp. 6), which 
is in K[xi, . . . , a;^]^", but doesn't belong to K[xi, . . . , a;^]'^" by [NS, Example 1, 
page 75]. 

Define 

63 ^ a{xixl) = xixl + X2xl + x^xl, 

64 — ^ a{xixlxl) 

aeA4 

_23 _i_3 2, 23,32 ,32 ,23 

— X'^Xi2X^ ~p X^X'2X^ ~p X'\^X'2X^ ~p X-^X'2X^ ~p X^X^X^ ~p X-^X^X^ 

32 32 32 23 23 23 

-|- XiX2X^ -\- X^X^X^ -\- X2X^X^ -\- X^X2X^ -\- X2X^X^ -\- X^X-^X^. 

For n = 3 (resp. n = 4), it follows that {1,63} (resp. {1,64}) is a free basis of 

K[xi,X2,X3]^'-^ (resp. K[xi,X2,Xs,X4]^*), i.e. 

K[xi,X2,Xs\^^ = K[si,S2,Ss] e bsKlsi, 82,83], 

K[xi,X2,X3,X4\'^'' = K[si, 82,83, Si] © b4K[8i,82,83,84]. 

We conclude that 

Lemma 4.1. Le^ K be a field of char K — 2 and write S3 — {A3, t), — {A4, r) 

where r = (12). 

(i) For n — 3, we have 

K{xi,X2, ^3)^3 = K{8i, 82, 83, 63) 
and 81, 82, 83, b3 satisfy the following relation: 

bl + &3 S182 + S2 + &3 S3 + S1S3 + S3 = 0. 
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(ii) For n = 4, we have 

K{xi, X2, X3, 0:4)^'' = K{si, S2, S3, Si, 64) 
and si, S2, S3, S4, 64 satisfy the following relation: 

h\ + 64 S1S2S3 + 64 S3 + S2S3 + S1S3 + S3 + 64 S1S4 + S1S2S4 + S1S4 = 0. 

Proof of Theorem 1.2 when n — ?> and char K — 2 



Note that r acts on K{xi,X2, x^)"^^ — K{si, S2, S3, 63) as follows 
as2 a^Si , 0^63 

Sl I > , S2 I > , S3 I > — , 63 I > 

S3 S3 S3 S3 

Apply Theorem 2.2. We find K{xi,X2, x^)"^^ = K^s^, u, v) where u and v are the 
same as in Theorem 2.2. It is not difficult to verify that 

h + S3 ^3 + S1S2 



u 



2 I 1 ^ 2 I 

Sl + S2 Si + S2 



Moreover, the action of r is given by 



au av 



T : S3 I — > — , u 



S3 ' — uv + v'^'' V? — uv -\- 



Define w :— u/v. Then K{xi,X2.iXz)^^ — K{s3,v,w) and 



a 

T : S3 I > — , V I > — ■ r^, W I > W. 



S3 ' v{l — w + w"^) ' 

By Theorem 2.1, K{xi, X2, Xa)^^ = K{s3,v,wY'^^ is rational over K. □ 



Proof of Theorem 1.2 when n — A and char K — 2 

For n — A, T acts on K{xi, X2, xs, Xi)^"^ — K{si, S2, S3, S4, 64) 

as3 a^S2 a^si 



as 



Sl I > , S2 I > , S3 I > 

S4 S4 S4 

a'^ 0^(64 + S1S2S3 + S3 + S1S4) 



S4 I — > — , b. 



S4 sl 
Define 

, _ S1S3 _ _ S1S2S3 + S3 + sfs4 _ 64 + si 

ti :— , 12 :— S2, t3 — S3, 14 :— ^ , 15 :— . 

S2 S2 S2 
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It follows that K{si, S2, S3, s^jb/i) = ^2, ^3, ^4, ^5)- It is easy to check that 

the relation among the generators ti, . . . ,t5 is given by 

tl + tlt2 + htl +4 + t2tl + t2Uh + t2tl = 0. 

Define 

Ui := tl, U2 := t2/ti, U3 := t^, U4 := U/{ti + ^2), U5 := ^5/(^1 + ^2)- 
Then we get K{ti, . . . , tg) = K{ui, . . . , u^) with the relation 

U2{ul + + + 1) + 1 = 0. 
Because this relation is linear in U2, we obtain the following lemma. 
Lemma 4.2. K{xi, . . . , x^)"^* = K{ui, U3, M4, U5) where 

S1S3 S1S2S3 + So + S?S4 64 + So 

Ui = , 1*3 = S3, U4 = r , U5 - 



S2 52(^2 + S1S3) S2(S2 + SiS3) 

Now we will prove Theorem 1.2 when n = 4 and char K — 2. 

Write p — Ui,q — U3,r = U4,s — and r = (12) e 5*4 \ >l4. Note that 
K{xi, . . . , a:4)'^'* = K{p, q, r, s)^"^^ and the action of r on K{p, q, r, s) is given by 

+ rs + s^ + 1 



T : p 



I — ^ 



ap 



a^p^q 

q K 



(r^ + rs + s^ + iy+p^q{{r + l){r'^ + rs + s^ + 1) + l) ' 
r I — > r, s I — > s + r. 

Define 

(r^ + rs + s^ + 1)3 



t :-- 



p^q{{r + l)(r2 + rs + s^ + 1) + l) ' 
Then we have K{xi,X2,X3,X4)^'^ — K{p,q,r, s)^'^^ — K{p,t,r, s)^'^^ and the action 
of T on K(p, t, r, s) is given by 

+ rs + s^ + 1 

T : p I — > , t I — > t+1, r I — > r, s 1 — > s + r. 

ap 

Define 

A:—r + s + rt, B:—{r + s)/s, C:—pr/s. 
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It follows that K{p,q,r,s) = K{r, A, B,C). Thus K{xi,X2,X2,X4 

)54 _ K{r){A, 

B,C)^^) and 

rrr^r, A ^ A, B ^ C ^ ^((r' + 1)(-^ + fi)+r2)/c. 

Apply Theorem 2.1. We find that K{xi, X2, X3, xaY'^ is rational over K. □ 
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